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On causality and superluminal behavior in classical field theories. Applications to
k-essence theories and MOND-like theories of gravity.
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Field theories whose full action is Lorentz invariant (or diffeomorphism invariant) can exhibit
superluminal behaviors through the breaking of local Lorentz invariance. Quantum induced super-
luminal velocities are well-known examples of this effect. The issue of the causal behavior of such
propagations is somewhat controversial in the literature and we intend to clarify it. We provide a
careful analysis of the meaning of causality in classical relativistic field theories, and we stress the
role played by the Cauchy problem and the notions of chronology and time arrow. We show that
superluminal behavior threaten causality only if a prior chronology on spacetime is chosen. In the
case where superluminal propagations occur, however, there is at least two non conformally related
metrics on spacetime and thus two available notions of chronology. These two chronologies are on
equal footing and it would thus be misleading to choose ab initio one of them to define causality.
Rather, we provide a formulation of causality in which no prior chronology is assumed. We argue
this is the only way to deal with the issue of causality in the case where some degrees of freedom
propagate faster than others. We actually show that superluminal propagations do not threaten
causality. As an illustration of these conceptual issues, we consider two field theories, namely k-
essences scalar fields and bimetric theories of gravity, and we derive the conditions imposed by
causality. We discuss various applications such as the dark energy problem, MOND-like theories of
gravity and varying speed of light theories.
PACS numbers: 03.50.-z, 04.20.Gz,95.30.Sf,95.35.+d,95.36.+x
I. INTRODUCTION
The question of the causal behavior of superluminal
propagations has been often debated, in rather different
contexts: tachyonic particles (e.g. [1, 2, 3, 4, 5]), field
theories [6, 7, 8, 9, 10, 11, 12, 13] and quantum induced
superluminal propagations [3, 14, 15, 16]. The issue is
however controversial, even on specific contexts, and we
intend to clarify it.
We will focus on classical field theories whose full ac-
tion is Lorentz invariant (or diffeomorphism invariant
whenever Einstein’s gravity is taken into account). In
that case, superluminal behavior can only arises from
spontaneous breaking of local Lorentz invariance by non
trivial backgrounds (or vacua). Superluminal behavior
then occurs when some sector of the theory is left unbro-
ken, so that some degrees of freedom can propagate faster
than other ones [17]. Superluminal propagations induced
by vacuum polarization provide well-known examples of
this phenomenon.
Note that we define superluminal behavior as going
faster than gravitons [i.e., gravitational waves]. We de-
note c the speed of gravitons in vacuum. This maybe un-
conventional definition will not affect our arguments. In
the standard theory of gravity photons propagate along
the gravitational metric so that this definition is the usual
one in that case.
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Our general analysis will enable us to investigate the
causal behavior of any field coupled to standard gravity.
We will illustrate our arguments in three important cases:
k-essence scalar fields, bimetric theories of gravity and
quantum induced superluminal propagations. We will
make constant use of many important ideas and tools
that were developed in order to investigate the causal
behavior of GR, and we refer notably to [18, 19].
In Sec. II, we analyze in detail the meaning of causal-
ity in classical field theories. We stress the important
role played by the notions of chronology, time arrow
and Cauchy problem in its definition. As an illustra-
tion, we show how causality is usually formulated in the
theory of general relativity (GR). We stress that super-
luminal propagations are automatically discarded if one
assumes that causality should be defined with respect to
the chronology induced by the gravitational metric. This
postulate actually “sets the [gravitational] metric apart
from the other fields on M and gives it its distinctive
geometrical character” [18]. This prior assumption can-
not be supported by any mathematical reason but only
by experiment. If superluminal propagations were found
in the laboratory, it would thus not mean that causal-
ity, locality, or the entire framework of special relativity
would be lost, but simply that the gravitational field does
not have any fundamental geochronological character. In
particular, causality should not be expressed in terms of
the chronology induced by the gravitational metric field.
As a consequence, it is necessary to drop such prior as-
sumptions to address the issue of the causal behavior of
superluminal fields. In Sec. II C we thus look for a mini-
mal expression of causality in which no prior chronology
2is assumed. In that framework, superluminal propaga-
tions are generically allowed.
Before moving to superluminal and causal theories, we
display two well known examples of noncausal theories
and notably the tachyonic one. It enables us to stress
how noncausal behaviors are related to constraints on
initial data. We also comment on the causal paradoxes
that arise in a non causal theory. We finally briefly inves-
tigate what kind of field theory can lead to superluminal
propagation.
We consider in Sec. III a k-essence scalar field ϕ,
which can propagate superluminally along an effective
metric Gµν [ϕ]. We find that the scalar field is causal
provided that the spacetime embedded with the effec-
tive metric Gµν
0
is globally hyperbolic. Here Gµν
0
is
the effective metric evaluated on a solution ϕ0 to the
field equation (the background). This condition puts
some generic constraints on the free function defining
the theory, and is generally satisfied on reasonable back-
grounds. We emphasize that the claim that such scalar
fields are not causal even on globally hyperbolic back-
grounds [6, 7, 13, 21] can only hold if a prior role is
attributed to the gravitational (or flat) metric, an as-
sumption that, we believe, was implicit in these works.
The only threat for causality actually lies in global prop-
erties of backgrounds [7], and this can be related to the
so-called chronology protection conjecture.
In Sec. IV, we investigate the question of causality in
a bimetric theory of gravity, in which the matter sector
is universally coupled to a metric g˜ that can differ from
the Einstein-Hilbert metric g. These two metrics gen-
erally define two distinct “causal” cones. Photons can
travel faster than gravitons, and conversely. If causal-
ity is defined with respect to the chronology induced by
the gravitational metric, then causality forces the matter
metric g˜ to define a cone which coincide or lie within the
gravitational cone, and conversely. These two choices of
chronology have been considered in the literature, thus
leading to opposite requirements on the theory. This will
illustrate the fact that there is no clear reason why a
metric, or a chronology, should be preferred to the other.
We argue that the theory is actually causal if no prior
chronology is assumed, but the solution to the Cauchy
problem depends, of course, on the precise dynamics of
the matter sector.
In Sec. V, we briefly show how our analysis apply to
the case of quantum induced superluminal propagations.
This enables us to conclude that superluminal velocities
do not threaten causality, a point that were still contro-
versial.
Let us emphasize that the question of causality in k-
essences or bimetric theories is not just of academical in-
terest, since these theories have drawn much attention re-
cently. Quite generally, it is claimed that causality forces
one of the cone to be wider than the others ones (be it
the gravitational or the matter one) [6, 7, 8, 9, 11, 13]
and this puts some constraints on the theory. Our mo-
tivated definition of causality will however not support
these claims.
Such a k-essence scalar field was notably used as a (dy-
namical) dark energy fluid responsible of the late time
acceleration of the Universe [22], as well as a fluid that
drives inflation [23]. It is also used as a new gravitational
field in addition to the metric one in some relativistic the-
ories of MOdified Newtonian Dynamics (MOND), that
are intended to account for the mass discrepancy at astro-
physical scales without invoking Dark Matter [13, 21, 24].
Some of these models were notably discarded because of
the presence of superluminal propagations. Bimetric the-
ories are also an essential piece of some recent MOND-like
theories [13, 25] (see also [26]). Moreover, it represents
the best motivated framework that reproduces a Vary-
ing Speed of Light scenario [27, 28] that may address
the problems of standard cosmology in a rather different
way than inflation does. Indeed some VSL theories, in
which the speed of light c is replaced by a changing ve-
locity c(t) inside the equation of motions [29], however
interesting phenomenologically, are not satisfying theo-
retically [28, 30] (the resulting theory cannot be derived
from an action).
In the last section VI, we consider some applications
of our work to these field theories. We investigate the
links between causality and stability in k-essences theo-
ries. We show that (k-essence) ghosts stabilization might
suffer from a serious problem. We also show that, if one
reproduces the MOND phenomenology with the help of
a k-essence scalar field, then a slight modification of Mil-
grom’s law is necessary for the theory to be causally well-
behaved. It leads to a non trivial modification of the phe-
nomenology in the very low acceleration regime. We also
comment on a simpler theory that reproduces the MOND
phenomenology, using only one scalar field. The initial
value formulation of this theory has still to be checked
and we leave it for further work. We briefly show how
this framework can account for the Pioneer anomaly, and
we finally make some comments about VSL theories.
We use, throughout the paper, the sign conventions of
[31] and notably the mostly + signature. The flat metric
is denoted η or ηµν in a coordinate system. We denote g
the gravitational metric field (which obeys the Einstein
equation) and g˜ the matter metric to which matter field
couples. Unless specified, indices are moved with the help
of the gravitational metric g.
II. CAUSALITY AND SUPERLUMINAL
BEHAVIOR
In the present paper, we are interested in the su-
perluminal behavior of some matter fields in a GR-like
context. The metric field g follows the dynamics in-
duced by the Einstein-Hilbert action. By spacetime we
will always mean a couple (M,h), where M is a four-
dimensional differentiable manifold and h some non de-
generate Lorentzian metric on it. A superluminal signal,
by definition, propagates along spacelike curves of the
3gravitational metric g.
A. Causality, chronology and the flow of time
By causality we usually mean the ability to find a cause
to an effect. Since cause and effects are both described
in terms of some physical variables, the usual principle of
causality states that physical variables should be unam-
biguously determined at a given time from their values
at a time before. We also demand that this retrodiction
can be converted forward in time, so that we should also
be able to predict a future situation from a present one.
The principle of causality thus requires that determinism
holds “in both directions of time”. Causality demands
the existence and uniqueness of solutions to the equa-
tions of motion given some initial data. In mathemat-
ical words, equations of motion must have a well-posed
Cauchy problem, or initial value formulation.
Note that this definition shows that a time-ordering, or
chronology, must exist between two spacetime points that
are causally connected. Unlike Newton’s theory where a
global chronology preexists to dynamics because of the
prior topology assigned to spacetime, namely R3×R, field
theories (including Einstein’s gravity) do not involve a
preexistent notion of time and chronology. On the con-
trary, any relativistic field ψi defines its own chronology
on M by means of the metric hi along which it prop-
agates. Any Lorentzian metric indeed induces a local
chronology in the tangent space through the usual spe-
cial relativistic notions of absolute (i.e., Lorentz invari-
ant) future and past.
Let us consider one particular field ψ that propagates
along a metric h. It is important to note that this metric
may not induce a global chronology on the whole space-
time. This is the case if local causal cones of h are dis-
tributed on the manifold in such a way that there exists a
curve overM which is everywhere future-directed time-
like but closed. In that case, the field ψ propagates along
a closed curve and an event could be both the cause and
the effect of another event. Causality requires that it does
not happen. The strongest way to prevent it is to require
the global hyperbolicity 1 of the spacetime (M,h).
Let us emphasize that causality also requires a notion
of time flow. It is indeed worth recalling that even if
the above metric h defines a global notion of future and
past, we have also to require that the field ψ can only
propagate in the future. If it could, on the contrary,
propagate both in future and in past, one could always
form a closed timelike curve with it. On the other hand,
global hyperbolicity is enough to guarantee that no closed
1 A globally hyperbolic spacetime is such that a Cauchy surface
Σ exists [19]. It can then be proved that the spacetime has the
topology of Σ × R, so that a global time function, i.e., a global
chronology exists.
future-directed timelike curves (CFTC) exists.
When there is a finite number of metrics hi onM, the
discussion of global properties is slightly more involved,
see Sec. II C.
B. Causality in general relativity
Let us illustrate the previous discussion. In GR,
causality is generally expressed by the following prop-
erties [18, 19]:
(a) The gravitational metric g must define a global
chronology on spacetime.
(b) “The null cones of the matter equations coincide or
lie within the null cone of the spacetime metric g”.
[18]
(c) The whole set of equations of motion must admit
a well-posed Cauchy problem.
The point (a) guarantees the existence of a global time
ordering onM and the point (c) is the formal expression
of determinism. Note that it is a non trivial mathemati-
cal property of systems of differential equations. Its sat-
isfaction in GR therefore critically depends on the precise
dynamics of the matter sector.
The point (b) excludes faster-than-graviton propaga-
tion. Equivalently then, it means that any initial data
set on spacelike hypersurfaces with respect to the grav-
itational metric g are allowed2. Since the metric g de-
fines a global chronology on spacetime, so does any other
metric hi associated to the propagation of some matter
fields3. The conditions (a) and (b) therefore ensures that
no CFTC exist for any metric (be it g or any metric hi).
Let us emphasize that, in the above formulation (a)–
(c), the gravitational metric field clearly plays a preferred
role. Both conditions (a) and (b) are such that causality
is actually defined with respect to the chronology induced
by the metric g. This can be understood as a “postulate
which sets the metric g apart from the other fields onM
and gives it its distinctive geometrical character” ([18]
§3.2, emphasis added). The chronology defined by g is
thus assumed to be a preferred one onM.
This postulate is however arguable because, as we
pointed out, any relativistic field induces its own chronol-
ogy on spacetime. It notably means that if a signal made
of waves of some field ψi propagates between two space-
time points, then these points can be time-ordered with
the help of the metric hi, and causality may be preserved
2 Up to Hamiltonian constraints arising from various gauge invari-
ance.
3 One may indeed easily check that the following property holds: if
(M,h) is globally hyperbolic and if h′ is a metric whose null cone
coincide or lie within the null cone of the metric h everywhere
on M, then (M,h′) is globally hyperbolic.
4even if the field propagates superluminally. The gravita-
tional metric field g is just one particular field onM and
there is no clear reasons why it should be favored.
Let us finally stress that the three conditions (a)–(c)
are actually not sufficient to guarantee (usual) causality.
Indeed, if information were allowed to travel as well for-
ward as backward in time, as it is the case in any time
reversal invariant theories, then it would be always pos-
sible to have information running along a closed curve
in spacetime. Thus the absence of CFTC does not suf-
fice to guarantee the usual notion of causality, unless one
specifies that a flow of time exists and that information
can only go forward in time. The three points (a)–(c) are
clearly time-reversal invariant statements4 and therefore
cannot address this issue. Note that both classical and
quantum field theories are time-reversal invariant so that
they may not be considered as “causal” in the usual sense.
The emergence of the flow of time from thermodynamics
in quantum field theory is a quite involved question that
we will not consider here. In the present paper, we will
therefore restrict ourselves to such a time-reversal invari-
ant notion of causality, but one should keep in mind that
thermodynamics may be the key to understand fully the
(coarse-grained) notion of causality.
C. Causality and superluminal behavior
We stressed that superluminal behaviors are automat-
ically discarded by the above postulate. One may try to
justify it by arguing that, since g reduces locally to η and
therefore gives to the tangent space its special relativis-
tic (Minkowskian) structure, going faster than gravitons
would “undermine the entire framework of relativity the-
ory” [19]. Let us however stress that any other metric
hi can also be reduced locally to its fundamental form in
adapted “inertial” coordinates. These coordinates trans-
form under the action of the Lorentz group SO(3, 1) with
an invariant speed ci that can differ from c, if the cones of
hi and g do not coincide [due for instance to some sponta-
neous breaking of local Lorentz invariance, see Sec. IIG].
These coordinates are actually relevant if one uses rods
and clocks made of the field ψ that propagates along h.
The fact that g reduces locally to the flat spacetime met-
ric can therefore not be used to claim that g should be a
preferred field on M. We will come back to this impor-
tant point later, see Sec. IVB.
We may therefore drop the above postulate and look
for a minimal expression of causality in which no prior
chronology is assumed. Let us consider a collection of
fields ψi that propagate along some metrics hi (grav-
ity included). We are led to the picture of a finite set
of “causal” cones at each points of spacetime. We do
4 We thank E. Flanagan (private communication) for a discussion
on that point.
FIG. 1: The hatched part shows the extended future defined
by two metrics (solid and dashed lines) in the case where one
metric defines a wider cone than the other one (left), and in
the opposite case (right).
not want to prefer one metric with respect to the others,
because there is no reason why, locally, some sets of co-
ordinates, or some rods and clocks should be preferred:
coordinates are meaningless in GR.
The cones defined by the metrics hi may therefore be in
any relative position with respect to one another. More-
over, these cones may even tip over each others depend-
ing on the location on spacetime. We have however to
guarantee that no signal can propagate along a closed
curve. For this it is not sufficient to require the global
hyperbolicity of each spacetime (M,hi). Indeed, fields
may interact together, and we may form a physical signal
which propagates on spacetime along different metrics.
We shall rather define a extended notion of future-
directed timelike curves, by requiring that at each point
of the curve, the tangent vector is future-directed time-
like with respect to at least one of the metrics hi. Such
a construction have been already advocated in [20]. All
the (extended) notions of future, past, domains of depen-
dence, achronal sets, Cauchy surfaces, global hyperbolic-
ity then follow. This corresponds to a “mixed” notion of
chronology: a point P is in the (extended) future of Q
if it is in the future of Q for at least one of the metrics
hi, see Fig. (1). A spacetime interval is thus spacelike
in the extended sense if it is spacelike with respect to all
metrics hi.
Causality then requires that a global (mixed) chronol-
ogy on spacetime exists. In other words, spacetime must
be globally hyperbolic in that extended sense. This
straightforward generalization enables us to express the
miniminal formulation of causality by the following prop-
erties:
(a’) The mixed chronology defined by the set of metrics
hi must be a global chronology on spacetime.
(b’) The whole set of equations of motion must admit
a well-posed Cauchy problem.
The formulation of causality (a)–(c) is immediately ob-
tained from these more general requirements whenever
the matter light cones coincide or lie within the gravita-
tional one. We thus see that fields can propagate superlu-
minally without threatening causality provided that we
do not refer to any preferred chronology on spacetime.
The Cauchy problem of some field ψ will be well posed
depending on the precise equation of motion, and if initial
5data are set on surfaces that are spacelike with respect
to the metric h along which it propagates. Moreover, if
we are interested in the whole theory (gravity included),
the Cauchy problem will be well posed if initial data are
set on surfaces that are spacelike in the extended sense,
that is spacelike with respect to all metrics hi).
D. On global properties
It must be stressed that, in GR, the fact that g de-
fines a global chronology cannot be proved, for the rea-
son that local physics does not determine the topology
of spacetime, which could however prevent the existence
of a global chronology. This the case for instance, of non
time-orientable spacetimes. Moreover, there exists exact
solutions to the Einstein equations that do not describe
globally hyperbolic spacetimes, as explicitly shown by
the Kerr solution, which possess closed timelike curves,
or Go¨del’s universe. Einstein equations thus admit solu-
tions that violate causality.
This difficulty is entirely subsumed into the so-called
chronology protection conjecture [32] that asserts that
the local laws of physics are such that they prevent the
formation of CFTCs in spacetime5. This has not been
proved yet, so that we usually assume from the beginning
that spacetime (M,g) is globally hyperbolic. As long as
the conjecture is not proved, such a restriction is not
dynamical, but of epistemological nature[33].
Let us stress that in our extended framework, and no-
tably in presence of superluminal matter fields, we will
not be able to prove either that the condition (a’) holds.
We will have to assume that spacetime is globally hy-
perbolic in the extended sense. Again, if we were able
to prove the chronology protection conjecture, we would
not have to make such a non trivial assumption. We will
discuss further this point in Sec. III D.
In other words, the condition (a’) will have to be im-
posed by hand, just as in GR. As we already explained,
we will not consider the issue of the existence of the flow
of time, and thus, in the following, we will mostly be con-
cerned by the point (b’). We provide in the next section
two examples of theories that do not admit a well-posed
Cauchy problem. It enables us to show the deep rela-
tionship between non causal behaviors, closed curves in
spacetime and constraints on initial data.
E. Noncausal theories: closed curves and
constraints on initial data
An obviously non causal theory is an elliptic Klein-
Gordon scalar field with an equation of motion
5 At least CFTCs that are not hidden behind an horizon.
FIG. 2: The closed curve followed by the tachyonic signal
viewed in the rest frame of A. The tachyon is sent by A at
time t0 (event E0) and received by B at time t1 (event E1).
Since B moves with respect to A, the tachyonic signal he
sends back to A is actually received before it was sent, at time
t2 < t0 (event E2). The thin line represents the Minkowski
cone, and horizontal and vertical lines are the space and time
axis in the frame of A.
hµν∂µ∂νϕ = 0, and where the metric h has the signa-
ture ±4. This elliptic equation does not have a well
posed Cauchy problem. It can be simply interpreted as
the fact that this Euclidean metric does not select the
time coordinate as special compared to the spatial one.
There is thus no available notion of propagation and ini-
tial data on three-surfaces cannot be propagated in four
dimensions. On the contrary, a Lorentzian signature for
h guarantees that the equation is hyperbolic and that, by
virtue of well-known theorems [19], the Cauchy problem
is well posed.
We consider now the more interesting case of tachy-
onic particles. By tachyons we mean particles or signals
that can be sent at a superluminal speed relative to the
emitter6. As correctly recognized in many papers in the
literature, tachyons are not causal (see, e.g. [2, 3]). In-
deed, they can always be used construct closed curves
in spacetime along which a (tachyonic) signal propagate.
Consider for instance an observer A who sends at time
t0 a signal to observer B (event E0), who in turn sends a
signal back to A, at time t1 (event E1). This last signal
can be received by A at a time t2 < t0 (event E2), if
signals can be sent from B at a superluminal speed and
if A and B are in some relative motion at a speed v < c,
see Fig. (2). Information can therefore propagate along
the closed curve in spacetime (E0, E1, E2, E0).
The theory is not causal because an event along this
curve will influence itself, after the signal had gone one
6 Note that “field theory tachyons”, i.e. negative mass-squared
particles, are not of this type and are causal (see for instance [6],
Appendix B)
6time round the curve. Such an event is thus not freely
specifiable, and we see that propagation of information
along a closed curve in spacetime always lead to con-
straints on initial data. On the contrary, if the Cauchy
problem were well posed for such a theory, it would no-
tably mean that there exists surfaces on which initial
data can be freely specified (up to possible constraints
arising from gauge invariance, if any) and unambiguously
evolved with time. It shows that the present theory can-
not possess a well posed Cauchy problem.
F. Closed curves and temporal paradoxes
Before going further, let us comment the previous ex-
perimental device. Suppose (situation 1) that, if B re-
ceives a signal from A, he sends a signal backwards in
time to A. Then A receives a signal at time t2 and is
thereby forced to send a signal to B an instant later. It
explicitly shows the constraints that appear in the case
of propagations along closed curves.
A temporal (or causal) paradox can even arise if we
consider the following experimental device (situation 2):
when B receives a signal from A, he sends him back a
signal, andA sends a signal to B only if he did not receive
anything from B. One may wonder what happens in that
case. If A receives a signal from B, he will not send a
signal to B who in turn would not send a signal back
to A, and this contradicts the hypothesis. The other
possibility, when A does not receive anything from B, is
also inconsistent. This is in fact a version of the famous
“grandfather paradox”.
Remarkably, there is no answer to the above question
“what happens?”. It is however immediate to see that
this question implicitly assumes that the knowledge of
the initial data at time t2 for instance (A receives a sig-
nal from B or not) is enough to determine what will hap-
pen “later” along the curve. This question thus assumes
that causality (or determinism) holds, whereas it cannot
even be defined, since there is no available notion of time-
ordering along a closed curve. On the contrary, we have
seen that such a closed curve leads to constraints on ini-
tial data. The event at time t2 is strongly correlated to
itself so that the only relevant question reads “are any of
the two initial conditions: A receives -or does not receive-
a signal from B allowed?”. Clearly the answer to this last
question is negative.
Let us emphasize that situation 2 (the grandfather’s
paradox) is often taken as an example of bad causal be-
havior induced by tachyonic particles (or accordingly, in-
duced by the use of time machines). This point is how-
ever not justifiable because the paradox only arises if we
ask the wrong question. This experimental device sim-
ply cannot exist since there is no initial data consistent
with it. There is nothing to do here with causality, but
only with logics: temporal paradoxes do not exist. On
the other hand, the noncausal situation 1 can exist (con-
strained initial data exists that correspond to this exper-
iment).
G. On superluminal behavior in field theories
Tachyonic particles propagate superluminally and vio-
late causality. This does not mean however that any su-
perluminal propagations does. Indeed, the closed curve
in Fig. (2) can only be constructed if the speed of the
tachyonic signal depends on the speed of the emitter7.
This is not the case in metric description of superluminal
propagations that we will mostly be concerned with.
Here we wish to investigate briefly what may look like a
field theory that involves superluminal propagation. In a
theory whose whole action is Lorentz-invariant, the only
possibility to open up the causal cones is to modify the
propagational part of the dispersion relation. It can be
achieved by adding higher-order derivatives in the ac-
tion, but unless these terms arise from the low energy
limit of some UV-complete theory, the theory is gener-
ically unstable [34]. Superluminal behavior for instance
arises from quantum corrections to electrodynamics in
non trivial vacua, see Sec. V.
On the other hand, we could still have second order,
but nonlinear, equations of motions. We will consider two
examples of such theories in the following sections. This
nonlinearity, which is essential to obtain unusual disper-
sion relations, leads to a background-dependent Cauchy
problem. Accordingly, Lorentz invariance of the action
is spontaneously broken through non trivial backgrounds
and it allows superluminal propagations. Note also that
the speed of small perturbations around the background
only depends on the background and not of the motion of
the emitter. Superluminal signals in field theories are not
tachyonic in the sense indicated in the previous section.
Note that we could also have considered non-Lorentz
invariant Lagrangians like L = −φ˙2 + u2(∇φ)2, where
u 6= c. We will not consider such Lagrangian in the
present paper. In practice, the theories we will consider
will lead to similar field equations, but only through a
spontaneous breaking of local Lorentz invariance by non
trivial backgrounds.
III. K-ESSENCE FIELD THEORY
A. Field equation and the Cauchy problem
Let us consider a so-called k-essence scalar field theory,
whose action reads
S = −m4
∫ √−gd4x
[
F
(
X
m2
)
+ V (ϕ)
]
. (1)
7 Explicitly, on assumes that the tachyon propagates at some speed
u > c in the rest frame of B, and then deduces, using a Lorentz
boost, that it travels backward in time in the frame of A, see [3].
7where
X ≡ g
µν∂µϕ∂νϕ
2
, (2)
and F and V are some functions, m some mass scale and
~ = 1. Hereafter we also take m = c = 1. Note that the
more general form L = −F (X,ϕ) is often considered, but
the following arguments also apply to this case. Let us
first neglect the coupling to gravity which will be consid-
ered later, and consider that g is flat. The field equation
then reads
Gµν∂µ∂νϕ− V ′(ϕ) = 0 (3)
where the effective metric Gµν is given by
Gµν ≡ F ′(X)ηµν + F ′′(X)∂µϕ∂νϕ, (4)
and a prime denotes derivation with respect to X . Scalar
waves propagate inside the “scalar cone” defined by this
effective metric. This cone generally differs from the
gravitational one unless F ′′(X0) = 0, see Sec. III B.
This equation is a special case of quasilinear second
order differential equation. A theorem due to Leray then
proves [19] that this equation has a well posed Cauchy
problem if spacetime (M, Gµν
0
) is globally hyperbolic,
where Gµν
0
is the effective metric evaluated on a solu-
tion ϕ0 to the field equation Eq. (3). Hereafter, we will
refer to ϕ0 as the background. The initial data have to
be specified on three-surfaces that are spacelike with re-
spect to the background metric Gµν
0
, in deep connection
with the discussion of Sec. II C.
A necessary but not sufficient condition for global hy-
perbolicity is the Lorentzian signature of the background
metric Gµν
0
, which notably ensures that the field equation
is hyperbolic. By diagonalization of the matrix Gµν
0
, we
find that its signature is +2 everywhere over M if and
only if
F ′(X0) > 0 (5a)
F ′(X0) + 2X0F
′′(X0) > 0 (5b)
where X0 = η
µν∂µϕ0∂νϕ0/2. In particular, if the func-
tion F is such that the above inequalities are satisfied
for all X , the metric Gµν
0
will have a signature +2 on
any background. Notice that the sign of the above in-
equalities Eq. (5) can be reversed. This would however
correspond to a metric Gµν
0
with signature −2 and the
scalar waves would carry negative energy. The theory
would therefore be unstable when coupled to other fields
(notably gravity). We exclude here this possibility, al-
though it should be stressed that it comes from a stability
argument, and not from some causal requirement.
In presence of gravity the Cauchy problem has to be
solved simultaneously for the gravitational variables and
for the matter ones. It has been proved (see for instance
[18]) that the Cauchy problem is well posed if matter
fields satisfy “reasonable” equations of motion8 and if
the stress-energy tensor of the matter fields only involve
matter variables, the gravitational metric, and their first
derivatives. This is notably the case of k-essence theories,
as can be easily checked. Locally therefore, the whole
theory has a well-posed Cauchy problem.
B. Superluminal behavior
The analysis of the characteristic9 of the field equation
Eq. (3) shows that the scalar field propagates superlumi-
nally if F ′′(X0) > 0, where we used that F
′(X0) > 0 by
virtue of Eq. (5a).
As it will be useful later, let us remind that any field
which propagates along an effective metric of the form
(up to some positive conformal factor):
Hµν = gµν +Bnµnν , (6)
where B and nµ are respectively some scalar and vector
field, is superluminal if B > 0. Notice that the opposite
sign for B is found in [6, 7] because of the opposite choice
of signature.
C. “Local causality” and the choice of initial data
surfaces
The above theorem and our analysis of the meaning of
causality in Sec. II enable us to conclude that k-essences
theories are causal in flat spacetime whenever the back-
ground (M, Gµν
0
) is globally hyperbolic, even in pres-
ence of superluminal scalar waves. Again, this conclusion
holds only if we do not refer to any preferred chronology.
It was however claimed [6, 7, 13, 21] that k-essences
theories are not causal even if the background is glob-
ally hyperbolic. Here we emphasize that these claims can
only be supported by the postulate that the gravitational
(here, the flat) metric induces a preferred chronology on
M, a point that, we believe, is implicitly assumed in these
references. The main argument which rules out superlu-
minal propagations is indeed that the Cauchy problem
for the scalar field is not well posed for initial data that
are set on surfaces which are spacelike with respect to
the flat metric but timelike or null with respect to the
background metric. In that case, initial data cannot be
evolved because of caustics [7], and the Hamiltonian for-
malism is singular [6].
Let us however stress that it is not surprising in view
of Leray’s theorem, since it proves that initial data sur-
faces for the scalar field must be spacelike with respect
8 Notably when they form a quasilinear, diagonal and second order
hyperbolic system of equations.
9 See [35], Ch. 5, Appendix 1.
8to the background metric. If initial data are set on these
surfaces, the theory is free of such singular behaviors.
This claim therefore only arises from an unadapted
choice of initial data surfaces, i.e., from the postulate
that the gravitational metric defines a preferred chronol-
ogy. This postulate actually prevents any superluminal
propagation, as we explained in Sec. II B. In such a case,
superluminal behavior is ruled out from the beginning,
but not by some intrinsic (mathematical) arguments.
D. Global properties
The only threat for causality lies in fact in global prop-
erties of the background. It has been correctly recognized
in [7] that the spacetime (M, Gµν
0
) may not be always
globally hyperbolic. In particular closed timelike curves
(with respect to the effective metric) could exist.
Let us first stress that in general however, the space-
time (M, Gµν
0
) is globally hyperbolic. It is notably the
case in trivial backgrounds ϕ0 = const., and in non triv-
ial but homogeneous (in a certain Lorentz frame) back-
grounds ∂ϕ0 = const. 6= 0, which may be relevant in a
cosmological context. Note that these backgrounds have
to be solutions to the equation of motion Eq. (3). In the
first case, ϕ0 has thus to be an extremum of the potential,
whereas in the second one, ϕ0 is not constant in space-
time and the potential must be flat over some range,
or more simply vanish. In these two important cases,
the spacetime (M, Gµν
0
) is globally hyperbolic and, by
virtue of the previous theorem, the Cauchy problem is
well posed and the theory is causal.
Since the global hyperbolicity of spacetime (M,g)
must be assumed in GR, as we explained in Sec. II D,
we may as well assume that spacetime is globally hy-
perbolic in the extended sense, see Sec. II C. Such an
assumption obviously requires that Eq. (5) hold, and au-
tomatically ensure that the whole theory of the k-essence
scalar field and gravity is causal. The relevant Cauchy
surfaces in that case are hypersurfaces that are space-
like with respect to all metrics (gravitational, scalar and
others matter metrics).
Note that this is a non trivial (and maybe arguable)
assumption. Let us however stress that it must also be
assumed in the context of GR and standard matter alone
so that the fact that non trivial global properties may
break causality does not appear to be rooted in super-
luminal propagations. This assumption may actually be
linked to the chronology protection conjecture, as shown
by the following example. Let us consider the highly non
trivial and non globally hyperbolic background invoked
in [7]. It consists of two “bubbles” of non trivial back-
grounds ∂ϕ0 = const. 6= 0 that move rapidly in opposite
directions with a finite impact parameter. The space is
otherwise empty (trivial background ϕ0 = const.). Small
scalar perturbations thus travel superluminally inside the
two bubbles, and along null rays of the flat metric outside
them. The fact that the two bubbles are in relative mo-
tion implies the existence of CFTC (timelike with respect
to the background metric Gµν
0
).
It should however be stressed that such a background
is not relevant since it is not a solution to the equation of
motion Eq. (3). Indeed, the derivative of the field ϕ0 is
not continuous at the transition between the bubbles and
the empty space. Some Dirac-like source terms should be
added to the equation of motion to accommodate such a
background. On the contrary, a physical solution involv-
ing such two bubbles should exhibit a continuous transi-
tion from their interior to the empty space. Of course it
may turns out that even in this more realistic situation
the background is still not globally hyperbolic, but the
contrary could also happen, and it would be an illustra-
tion of the chronology protection conjecture. We did not
try to perform this analysis, but it may be interesting.
A very similar case was discussed in [3] in the context
of Casimir experiment, see Sec. V. Note that an analo-
gous case has also been found in the context of GR by
Gott [36], who showed that two straight infinite cosmic
strings moving in opposite directions with a finite impact
parameter lead to the formation of CFTC in spacetime.
Again, it shows that these difficulties with causality at
a global level already exists in the context of GR and
subluminal matter, and should not be related to some
intrinsic problems of superluminal propagations.
IV. BIMETRIC THEORIES OF GRAVITY
A. Definition
By multi-metric theories of gravity we mean theories
of gravity in which some degrees of freedom of the mat-
ter sector are coupled to some matter metrics g˜i distinct
from the gravitational one g. The fact that different mat-
ter fields are coupled to different metrics breaks the weak
equivalence principle (WEP), which has been tested with
great accuracy. As a special case, a bimetric theory of
gravity is a theory where all the matter fields are cou-
pled to the same metric g˜. This ensures that the WEP
is satisfied. GR is just the special case g = g˜.
A typical example is scalar-tensor theories of gravity
in which g˜ = Ω2g, at each point of M, and where Ω
is a smooth real-valued function over M. Dynamics of
the scalar field Ω arises from a standard kinetic term (but
could also be of k-essence type). Because of the conformal
relationship between g and g˜, the two cones defined by
these two metrics coincide, and there is no superluminal
propagations.
In general however, we could have non conformal re-
lation between these two metrics. Consider for instance,
the so-called disformal relation [11]
g˜µν = A
2 (gµν +BUµUν) , (7)
where A and B are some functions of the scalar quantity
UµU
µ, and U is a vector field. When this matter metric is
9of Lorentzian signature, the matter light-cone (defined by
g˜) can be wider than the gravitational cone (defined by
g), depending on the sign of B. This disformal relation is
an essential piece of some recent relativistic field theories
of the MOND paradigm [13, 25].
B. Superluminal behavior
Throughout this paper, we defined superluminality as
the propagation along spacelike curves of the gravita-
tional metric. But we could also have defined it as going
faster than light (photons). These definitions coincide in
GR but not in bimetric theories since g 6= g˜. In that
framework, there are two opposite definitions of superlu-
minal behaviors. Photons can travel faster than gravita-
tional waves and conversely. It is thus not clear which of
these two superluminal behavior we have to worry about.
This is closely related, again, to the choice of a pre-
ferred chronology. If one assumes that the gravitational
metric field induces a preferred chronology with respect
to which causality should be defined, then, as in Sec. II B,
the matter light-cone must coincide or lie within the
gravitational one everywhere on spacetime. It was, on
the contrary, claimed in [11, 13] that, since rods and
clocks are made of matter, the matter metric g˜ should
be somewhat favored, in the sense that in order to pre-
serve causality, no propagations should escape the matter
light-cone. In particular, this cone should be wider than
the gravitational one. Very interesting is the fact that
this postulate is the exact opposite of the previous one.
It is perhaps the best way to show that there is no clear
reason why one metric should be preferred to the other.
This confusion can be easily understood. Let us go
further in the discussion of Sec. II C. Whenever g˜ is
Lorentzian and disformally related to g, we have at hand
two metrics which reduce locally to constant metrics g0
and g˜0. As a consequence, there exist two classes of in-
ertial coordinates for which one of these two metrics but
not both, reduce to its fundamental form η. Inertial co-
ordinates of each class transform under the action of the
Lorentz group SO(3, 1) with a different invariant speed10.
Let us emphasize that in GR, superluminality is de-
fined as the propagation on spacelike curves with respect
to the gravitational metric mainly because the latter is
thought to be “the” spacetime metric, since it reduces
locally to η. We already stressed in Sec. II C that any
Lorentzian can actually take this form locally, so that
it could also be viewed as the spacetime metric. The
framework of bimetric theories considerably enlighten
this point. In a sense, indeed, we have two “natural” met-
rics and there is simply no way to decide which of these
two metrics should be “the” spacetime metric. Accord-
10 In a sense, our analysis completes the interesting discussion
about the different facets of c, see [30].
ingly, there are two natural chronologies and two locally
invariant speeds. The above two classes of inertial coor-
dinates corresponds to rods and clocks made of matter
or gravitons.
Bimetric theories thus clearly show the irrelevance of
postulating a preferred chronology. Let us also stress
that without such a postulate, the notion of superluminal
behavior becomes itself irrelevant. The only point, as far
as bimetric theories are concerned, is actually that the
ratio of the speed of gravitational waves to the speed of
photons for instance, vary in space and time. This is the
reason why such a framework should be considered as
the best motivated one that reproduces Varying Speed
of Light theories, see Sec. VIE.
C. The Cauchy problem and global properties
Following the discussion of Sec. II C, let us define
causality by (a’)–(c’). It is clear that the matter met-
ric has to be Lorentzian for the Cauchy problem to be
well posed. This condition reads 1 + BUµU
µ > 0 and
A must be non zero. We wrote the conformal factor as
A2 in order to ensure that matter fields carry positive
energy. The matter stress-energy tensor only depends on
the matter fields, the vector field, the gravitational met-
ric, and their first derivatives. Depending on the precise
form of the action of the vector and matter fields, the
whole set of equations of motion (including gravity) may
be a diagonal, second order, and quasilinear hyperbolic
system. Note that when U is given by the gradient of
a scalar field Uµ = ∇µϕ, the initial value formulation
of the scalar equation is a quite involved question, see
Sec. VIC. On the other hand, when U is a “true” vector
field, the Cauchy problem is generically well posed11.
We have also to consider the global structure of space-
time. As in the case of GR, or GR and k-essences, we
have to assume that spacetime is globally hyperbolic in
the extended sense of Sec. II C. This assumption, to-
gether with the above conditions on equations of motion
of the matter fields and the vector field ensures that the
whole theory is causal.
V. QUANTUM INDUCED SUPERLUMINAL
PROPAGATIONS
In quantum electrodynamics, effects of temperature,
electromagnetic or gravitational backgrounds, or bound-
11 If the kinetic term of the vector field differs from the usual
(Einstein-Maxwell) one, the vector field equation involves sec-
ond derivatives of the metric field g and is thereby not diagonal.
It does not mean however that the Cauchy problem is not well
posed, but rather than a careful analysis is in order. Generic
vector field actions have been considered in [37] (and references
therein).
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aries (e.g. Casimir plates) break local Lorentz invari-
ance at the loop level through vacuum polarization, thus
leading, in some cases, to faster-than-c light propagation
[3, 14, 15]; see also [16] and references therein. Note
that these results are derived within some range of ap-
proximation using the effective action formalism, up to
the one or two loop level. Generically the results only
hold at frequencies less than the electron mass me. One
therefore only derives the phase velocity of soft photons,
whereas the actually relevant speed is the wavefront ve-
locity, which is the phase velocity at infinite frequency
and which corresponds to the analysis of the character-
istics [15].
The computation of wavefront velocities is a non-
perturbative task that we will not be concerned with.
An argument based on the standard Kramers-Kronig re-
lation [16] actually gives some hints on the value of the
wavefront velocity. In the case of Casimir vacua, it was
shown that the wavefront velocity might be greater than
c in the direction orthogonal to the plates (breaking of
Lorentz invariance by the boundaries). The wavefront
velocity has to be equal to c in the parallel direction
because Lorentz invariance is left unbroken in that di-
rection, at least if the Casimir plates are infinite (or if
boundary effects are negligible).
Let us assume the validity of this result. Of course,
“light does not travel faster than light”, but the point
is that gravity does not see the plates in first approxi-
mation, so that Lorentz invariance is not broken in the
gravitational sector and gravitons still propagate at the
velocity c. The ratio of the speed of photons to the one
of gravitons is thus greater than one.
Our discussion of Sec. II enables to give an immediate
answer to the question of causality in that case. It can be
shown that photons propagate inside the plates along an
effective metric of the form of Eq. (6), where B is some
positive constant in that case, and nµ is the unit spacelike
vector orthogonal to the plates (see [3] and references
therein). Outside the plates, photons propagate along
the flat metric η (here we neglect curvature).
It was correctly recognized in [3] that such a metric
is stably causal, so that photons cannot propagate along
closed curves, contrary to the claim made in [4] (see also
the criticism of [5]). Actually, this spacetime is even
globally hyperbolic and therefore perfectly causal, even
if photons propagate faster-than-c inside the plates.
Causality may however be lost if two Casimir vacua
are moving rapidly towards each other [3]. In that case,
spacetime may possess CFTC (with respect to the effec-
tive metric). This case is strictly analogous to the case of
two bubbles made of non trivial background in k-essence
theory, see Sec. III D. Authors of [3] then invoked the
chronology protection conjecture, and notably noted that
the two Casimir vacua should be confined within plates
that cannot be infinite, so that non trivial boundaries ef-
fects may prevent the formation of CFTC. We essentially
reached the same conclusion in Sec. III D. Similar argu-
ments may be applied to others vacua. In particular, note
that vacuum polarization induces some effective metric
along which photons propagate. This effective metric
only differs from the flat one by terms of order α2 where
α is the fine structure constant. These corrections are
therefore small (at least in “reasonable” vacua), so that
the effective metric is still Lorentzian and the spacetime
is still globally hyperbolic.
VI. APPLICATIONS
We briefly comment some applications of our results to
recent interesting developments on possible modification
of gravity.
A. K-essences theories and dark energy
K-essence scalar field theories have been suggested as
promising candidates of the dark energy fluid [22] (see
also the review [38] and relevant references therein). Such
an effective action can also be motivated by the low en-
ergy regime of some string theories [23]. The hyperbol-
icity conditions Eq. (5) on the function F have been cor-
rectly derived in the literature, but in a different way
(except in [39]).
Authors usually require the stability of scalar pertur-
bations around some backgrounds. It depends on the
reality of the “sound speed”
c2s =
F ′(X)
F ′(X) + 2XF ′′(X)
, (8)
and is thus equivalent to the Lorentzian character of the
effective metric Gµν . This (un)stability is therefore di-
rectly related to the hyperbolic (resp. elliptic) charac-
ter of the scalar field equation. Note that the signature
can still be +2 or −2. Authors then demand that these
small perturbations carry positive energy, and it implies
F ′(X) ≥ 0. Here we wish to stress that these results
also arise from the analysis of causality, and, moreover,
that they are actually non-perturbative results. It can be
shown, indeed, that the positivity of the whole Hamilto-
nian and not only the one of perturbations, is guaranteed
whenever the two conditions Eq. (5) hold [40].
Unusual kinetic terms have also been considerably de-
bated because phantom scalar fields can reproduce an
equation of state w < −1 [22, 38, 41], which indeed reads
w =
−F (X)
F (X)− 2XF ′(X) . (9)
Whenever the density ρ = F (X) − 2XF ′(X) is positive
w < −1 is equivalent to F ′(X) < 0. Thus only phan-
tom (ghost) matter can lead to super-acceleration of the
Universe. Since ghosts are usually associated with a fa-
tal instability at the quantum level and notably in the
11
UV regime, authors have suggested a stabilization mech-
anism of the ghost field at the UV scale. The function F
could be such that F ∼ −X/m2+O(X2/m4) (we reestab-
lish the mass scalem). In that case the ghost only appear
at low energy X ≪ m2, but could be stabilized at higher
energies by higher-order terms, and the timescale of the
instability can be made arbitrarily high [42, 43]. Such
a mechanism may however suffers serious diseases. No-
tice indeed that the sign of F ′(X) must change for some
values of Xc and the squared sound speed may become
negative. Accordingly, the effective metric may become
Euclidean and the Cauchy problem will not well posed
anymore. The hyperbolicity seems however still guaran-
teed if F ′(X) + 2XF ′′(X) also changes of sign at the
same value Xc. Notice that the function F must then be
quite fine-tuned : Xc may be equal to 0 or Xc must be
a turning point as well as an inflexion point of F . More-
over, in that already fine tuned case, the effective metric
becomes totally degenerate (vanishes) at the point Xc.
There is a caustic, and the theory is not well defined.
It has been shown in [44] that this point Xc is however
not reached through the cosmic evolution (or at a time
t =∞), and the theory may thus be free of singular be-
haviors. However the cosmological background is not the
only relevant one. The theory must also apply at local
(e.g. astrophysical) scales, and we expect the scalar field
to have some inhomogeneities. Local physics then drives
X to positive values, and the above singular point Xc will
generically be crossed. Moreover, at a quantum level, it
is not clear if we can still make sense of summing momen-
tum from zero to some cutoff, whereas the propagator is
not defined for some value of the momentum.
In conclusion, k-essences field theories are quite rele-
vant causal theories that can account for the dynamics of
the dark energy fluid with an equation of state w > −1.
On the other hand, k-essences phantom theories, even if
stabilized, suffer serious diseases and it is very unlikely
that such a fluid could drive the super-acceleration of
the Universe w < −1, if any. Note that it was recently
found that inhomogeneities of the matter distribution in
the Universe may be described by an effective scalar field
which could be a phantom in certain cases [45]. Because
only effective, this field does not suffer from quantum
instabilities.
B. K-essences theories and the MOND paradigm
K-essences theories are also used to account for the
mass discrepancy in galaxies and clusters, without the
need for dark matter. Milgrom [24] first pointed out that
rotation curves of spiral galaxies exhibit a discrepancy
at an universal acceleration scale a0 ∼ 1.2× 10−10m.s−2,
and therefore that a modification of Newton dynamics
(MOND) of the form
aµ
(
a
a0
)
= g, (10)
where g is the Newtonian gravitational field and a the
acceleration, could account for the observed discrep-
ancy without dark matter. The µ function must behave
asymptotically as µ(x) = 1 if x ≫ 1 and µ(x) = x if
x ≪ 1. The µ function is otherwise free. The choice
µ(x) = x/
√
1 + x2 is a quite standard one which fits well
the data. Such a behavior in the low acceleration regime
automatically leads to flat rotation curves far from the
source, and also reproduces the well established Tully-
Fisher law v4 ∝ L, where v is the plateau velocity and L
is the luminosity of the galaxy.
This successful phenomenology [46] can be reproduced
with the help of relativistic aquadratic Lagrangians
(RAQUAL) [21], i.e., a k-essence scalar field. Consider
indeed a scalar field ϕ coupled to matter via a conformal
metric g˜ = exp(−αϕ)g. The scalar field equation then
reads
∇µ (F ′(X)∇µϕ) = −4piGαT, (11)
where ∇ is the covariant derivative corresponding to
the metric g, G is Newton’s constant appearing in the
Eintein-Hilbert action, and T is the trace of the stress-
energy tensor of the matter fields (defined by variation
and contraction with respect to g). If we consider a static
distribution of matter ρ, this equation reduces to a static
modified Poisson equation for the scalar gravitational po-
tential ϕ:
∇(F ′ ((∇ϕ)2)∇ϕ) = 4piGαρ. (12)
It is then clear, after restoring the appropriate dimension-
full constants, that the function F ′(x2) plays the role of
the Milgrom’s function µ(x). Note that X > 0 in the
static case. If we require that F (X) behaves as X if
X ≫ 1, and as 2/3X3/2 if X ≪ 1, we thus recover the
MOND phenomenology.
Note that, since the µ function is generally taken as
a monotonic (increasing) function of its argument, the
second derivative of F is positive and the scalar waves
propagate superluminally. The theory were thus thought
to be acausal [13, 21]. We however argued in Sec. II and
Sec. III that this conclusion is correct only if the gravita-
tional metric defines a favored chronology, an assumption
that may be dropped.
A critical point is however that the free function F
(related to µ) must satisfy the conditions Eq. (5). It is
however immediate to note that the asymptotic condi-
tions on µ implies that when X goes to 0, F ′(X) and
F ′(X)+ 2XF ′′(X) also go to zero and the effective met-
ric is completely degenerate.
What it means is that, in such a theory, in an astro-
physical context, there must exist around each galaxy or
cluster a singular surface on which the scalar degree of
freedom does not propagate. The reason is that, near
the source, X must be positive, but negative far from
it due to the cosmological background. This theory can
therefore not lead to a consistent picture of local physics
imbedded into a cosmological background. This major
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objection also applies to the recent relativistic model of
MOND of [13].
A trivial modification of the asymptotic form of the
µ function however cures the problem. Let us con-
sider that µ(x) ∼ x + ε if x ≪ 1, or equivalently that
F ′(X) ∼
√
X + ε if X ≪ 1. It ensures that the theory
is well behaved at the transition between local and cos-
mological physics. This slight modification induces a sig-
nificant change in the phenomenology because there is a
return to a Newtonian behavior very far from the source,
with a renormalized value of the gravitational constant.
Such a theory thus predicts that rotation curves are only
approximatively flat on a finite range of r, and current
data requires ε to be at most of order 1/10. More de-
tails on this can be found in [40]. Interestingly, in that
kind of theory, MOND only appears as an intermediate
regime between two Newtonian ones only differing by the
value of the gravitational constant, the transition, driven
by the scalar field, occurring at Milgrom’s acceleration
scale.
C. Bimetric theories and MOND
MOND-like theories of gravity must also predict en-
hanced light deflection in order to be consistent with the
data. In the previous theory however, the conformal cou-
pling of the scalar field to the matter metric implies that
light is not coupled to the scalar field because of the
conformal invariance of electromagnetism in four dimen-
sions.
This led authors to consider more general bimetric the-
ory of gravity in which matter is coupled to a disformal
metric of the type Eq. (7) [11, 12]. In these first models,
the vector field U in Eq. (7) was assumed to be the gradi-
ent of the k-essence scalar field, and A and B were some
functions of ϕ and X . It was however proved that when
the matter light-cone is wider than the gravitational one
(see Sec. IV) then there is actually less light deflection
than in GR.
We have seen however that causality does not require
the matter light-cone to be wider than the gravitational
one. On the contrary, it could be inside the gravitational
one and the light deflection would be enhanced (com-
pared to GR). Such a framework is therefore relevant
for relativistic theories of the MOND paradigm, as we
stress in [40]. The Cauchy problem is very likely to be
well posed, since the (Einstein) equation of the metric
field is still diagonalized, hyperbolic and of the second
order. The scalar field equation in vacuum has a well-
posed Cauchy problem. The scalar field equation inside
the matter is however quite complicated and is not diago-
nalized. The Cauchy problem inside the matter is thus a
quite involved question, but we expect that some generic
requirements on the free functions A and B and on energy
conditions of the matter sector will guarantee it, and by
the way, that the whole theory has a well posed Cauchy
problem. This is left for further investigation (see also
[40]).
D. Bimetric theory of gravity and the Pioneer
anomaly
Let us briefly consider another application of bimet-
ric theories of gravity. Conventional physics did not
succeeded so far in explaining the anomalous motion
of the two Pioneer spacecrafts [47] that experience a
small anomalous acceleration (roughly directed towards
the Sun).
Unconventional theories of gravity could however ex-
plain it. The two Pioneer spacecrafts are moving along
geodesics of the matter metric g˜, and we shall look for
a slight modification of the Schwarzschild solution to ex-
plain the Pioneer anomaly. It is worth noting that this
anomaly was detected soon after Jupiter’s flyby [47] so
that we have to check that the suggested modification
is compatible with the motion of outer planets. Outer
planets are moving along quasi-circular orbits, and are
thereby mostly sensitive to the time-time component of
the matter metric g˜00. Very sensitive tests of Kepler’s
third law [48] then put stringent bounds on the devia-
tion from the leading order of the time-time component
of the Schwarzschild metric. These bounds are actually
too small to account for the Pioneer anomaly.
This fact leads to the wrong statement in [49] that
the Pioneer anomaly cannot be of gravitational origin.
This is indeed not justifiable since the two spacecrafts
evolve on hyperbolic trajectories and are thereby also
sensitive to the radial-radial component of the matter
metric, which is not well constrained in the outer so-
lar system. Let us stress that, if spherical symmetry is
assumed, a slight modification of g˜rr compared to the
Schwarzschild solution is the only way to give the Pio-
neer anomaly a gravitational origin in a metric theory of
gravity. This was notably realized in [50].
Here we provide, with the help of bimetric theories of
gravity, a framework that realizes this modification of
the radial-radial component. The action of the theory is
given by the Eintein-Hilbert action, a canonical action
for the scalar field, and the matter fields are coupled to
the matter metric
g˜µν = A
2(ϕ) (gµν +B(X)∇µϕ∇νϕ) , (13)
where X is still defined by Eq. (2). As we already
stressed, non trivial properties of A, B and energy con-
ditions of the matter sector may be required to ensure
the hyperbolicity of the scalar equation inside matter. In
addition, the matter metric has to be Lorentzian and
this reads 1 + 2XB(X) > 0. In a static and spher-
ical symmetric situation, we have g˜00 = A
2g00 and
g˜rr = A(grr + B(X)∇rϕ∇rϕ). The bare metric g is
given by the solution of Einstein equations and it can
be shown that it coincides with the Schwarzschild solu-
tion to the leading order. This theory is thus a realiza-
tion of the above phenomenology. Such models predict
13
“Pioneer-like” anomalies in the precession of perihelion
that could notably be found in precise measures of the
orbit of Mars. More details on the Pioneer anomaly and
disformal theories can be found in [40].
E. Varying Speed of Light theories
The first varying speed of light theories were con-
structed by replacing c by c(t) in the equations of motion
of GR, where t could be the cosmic time [29]. This how-
ever leads to equations of motion that do not conserve
stress-energy anymore. In other words, this theory can-
not be obtained from a variational principle [28, 30].
Some authors thus made use of the disformal matter
metric Eq. (13) to reproduce VSL within a consistent
framework [27, 28, 51]. Note that in all of these models,
the free functions were taken as constants A = 1 and
B = −1/m2. Let us stress that if one insists on the
Weak Equivalence Principle there cannot be any cou-
pling between ϕ and the standard model matter other
than through the matter metric. Then, by varying the
action with respect to ϕ, one finds that the scalar field
is not created by the matter sources (∇µϕ = 0 is always
a solution). The scalar field can only be generated by
some (non constant) function A(ϕ), like in scalar-tensor
theories.
Note also that the choice of B = −1/m2 in these works
does not guarantee the Lorentzian character of the mat-
ter metric, which can actually be Euclidean in a cosmo-
logical background such that (∂0ϕ)
2 > m2. One could
however circumvent this problem by arguing that the the-
ory is only an effective model valid for (∂ϕ)2 ≪ m2, and
where m could be of the order of the GUT’s scale.
As we already stressed, the initial value formulation of
the scalar field equation in such models is a quite involved
question. This point has not been pointed out although
the existence of an initial value formulation is a basic
requirement that must be checked in order to give any
sense to such VSL models.
Let us finally remark that, since the fine structure con-
stant α is proportional to the inverse of the speed of light,
it has been argued that VSL theories could also account
for the variation of α with cosmic time, if any [52, 53].
However, in this bimetric framework of VSL theories, if
one analyzes atomic rays at some redshift by usual tech-
niques, one is observing electromagnetic phenomenon us-
ing matter rods and clocks, so that no variations of α are
actually observable. The fact that the ratio of the speed
of light to the speed of gravitational waves varies in space
and time does not lead to a variation of α (if it is mea-
sured in the usual way), but simply to a redefinition of
the redshift z of distant objects.
VII. CONCLUSIONS
We provided a careful analysis of the meaning of
causality in classical field theories. This led us to the con-
clusion that superluminal behaviors are generically found
to be non causal only if one refers to a prior chronology
on spacetime. This postulate actually states that, locally,
some sets of inertial coordinates must be preferred ones,
and this appears to be in great conflict with the spirit
of general relativity, and more precisely with the spirit
of general covariance. On the contrary, we derived in
Sec. II C, by means of the conditions (a’)–(c’), a formula-
tion of causality in which coordinates are still physically
meaningless.
Note that while referring to a preferred chronologymay
seem natural in GR since all fields (both gravity and
matter) propagate along the gravitational metric g, it be-
comes somewhat unnatural whenever spontaneous break-
ing of Lorentz invariance occur, be it driven by quantum
polarization (and in general, the solution of field equa-
tions), nonlinearities of some new fields, etc. The result-
ing spacetime is generically endowed with a finite set of
Lorentzian metrics hi which may not be conformally re-
lated to each others. In that case rods and clocks made
of different fields lead to different systems of coordinate
that do not transform under the same Lorentz group.
There is not only one, but at least two invariant speeds
in that case. Note that it would be misleading to think
that there is a preferred Lorentz invariance in the theory
because of the symmetry of the action. Actually, in a
GR-like context, the action is not Lorentz invariant but
diffeomorphism invariant. This notably means that all
local system of coordinates are equivalent. On the con-
trary, the existence of a preferred chronology means that
(as far as causality is concerned) there exists some pre-
ferred class of inertial coordinates, or equivalently some
preferred rods and clocks. This seems to be physically
unacceptable.
As a consequence, one cannot refer to causality in or-
der to assert that nothing can travel faster than one of
these speeds. Accordingly, causality does not require one
of these metric to define a wider cone than the others
everywhere on spacetime. Bimetric theories of gravity
greatly enlightened this point, since both the gravita-
tional and the matter metric could be used to define a
“natural” chronology on spacetime. Depending on the
choice made, one then finds that nothing can travel faster
than gravity or light. These two opposite requirements
can be found in the literature.
On the contrary, our definition of causality in which no
prior chronology is assumed (by means of our “mixed”
chronology, see Sec.II C), enables a causal theory to in-
volve “superluminal” propagations. Actually the very
notion of superluminal behavior is no more meaningful
in that framework, and the only point is that some de-
grees of freedom can propagate faster than other ones.
Moreover the causal cones may even tip over each other
depending on the location on spacetime. As an applica-
14
tion, in k-essences theories, causality does not require the
sign of F ′′(X) to be fixed (and notably negative), and,
in bimetric theory causality does not require either the
gravitational light-cone to be wider than the matter one
(nor conversely).
What actually requires causality is first that the equa-
tions of motion have a well-posed Cauchy problem. This
strongly depends on the precise form of the dynamics,
and throughout this paper we used classical results [19]
on that subject. We also discussed in detail the fact
that global properties of spacetimes may break causality.
We pointed out that this already occurs in standard GR
so that it cannot be related to some intrinsic disease of
superluminal propagation. We discuss three very simi-
lar cases: Gott’s cosmic strings [36], the two bubbles of
non trivial vacua in k-essences theories [7] and the two
Casimir experiments of [3]. What thus became clear was
that such non trivial global properties may be actually
suppressed by subtle boundaries effects. This would be
an illustration of the chronology protection conjecture.
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